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On the measurement probability of quantum phases
Thomas Shürmann
Jülih Superomputing Centre, Jülih Researh Centre, 52425 Jülih, Germany
We onsider the probability by whih quantum phase measurements of a given preision an be
done suessfully. The least upper bound of this probability is derived and the assoiated optimal
state vetors are determined. The probability bound represents an unique and ontinuous transition
between marosopi and mirosopi measurement preisions.
PACS numbers: 42.50.-p, 03.65.Ta
The lassial piture for the evolution of a single-mode
eletromagneti eld is simply determined by an ampli-
tude (speifying the strength of the eld) and a phase
(speifying the zeros of the eld). On the other hand, the
onept of eletromagneti phase as an observable quan-
tity is a long-standing problem of quantum optis and
it has been the question whether there exists a phase
observable that is anonially onjugate to the number
observable for a single-mode eld. The quantum mehan-
ial desription of phase was rst onsidered by London
[1℄ and Dira [2℄. An obvious way of dening an operator
for the phase is by polar deomposition of the photon
annihilation operator aˆ = eiφˆ
√
Nˆ . The phase operator
φˆ dened in this way is equivalent to that onsidered
by Dira [2℄, who obtained the ommutator [φˆ, Nˆ ] = i by
employing the orrespondene between ommutators and
lassial Poisson braket. Formally, this would imply the
unertainty relation
σφσN ≥ 1
2
(1)
with σφ and σN are the standard deviations of φ and N .
The diulties of Dira's approah were learly pointed
out by Susskind and Glogower [3℄. Firstly, the relation
(1) would imply that a well-dened number state would
have a phase standard deviation greater than 2pi. This is
a onsequene of the fat that Dira's ommutator does
not take aount of the periodi nature of the phase. Fur-
thermore, the exponential operator eiφˆ derived from this
approah is not unitary and thus does not dene a Her-
mitian operator. This is why it is often aepted that
a well-behaved Hermitian phase operator does not exist
[3, 4℄. Therefore, arguments based on the Heisenberg
relation (1) annot hold in general.
Atually, the standard deviation oers a reasonable
measure of the spread of values when the distribution
in question is of a simple "single hump" type. In par-
tiular it is a very good harateristi for a Gaussian
distribution sine it measures diretly the half-width of
this distribution. However, when the distribution is not
of a simple type (for example, has more than one hump)
the standard deviation loses muh of its usefulness as a
measure of unertainty.
The aim of the present ontribution is to introdue the
probability by whih a suessful phase measurements of
a given preision an be done. The least upper bound
of this probability is determined and the orresponding
(optimal) state vetors are omputed.
In order to speify phase measurements, the probabil-
ity distribution for the measurement result an be de-
termined using positive operator-valued measures. This
approah was rst onsidered by Helstrom [5℄, and is
also onsidered in [6, 7℄. Preisely, let H be a om-
plex separable Hilbert spae, (|n〉)n≥0 an orthonormal
basis, and N =
∑∞
n=0 n|n〉〈n| the assoiated number
observable. If the phase density Fφ treats all phases
equally, it should be invariant under phase translation,
eiθNFφe
−iθN = Fφ+θ, generated by the number observ-
able. In this ase, the general form of Fφ is
Fφ =
1
2pi
∞∑
n,m=0
cnm e
i(n−m)φ |n〉〈m| (2)
where (cnm) is the assoiated phase matrix. For the in-
tegral of the probability to equal 1, we must have
∫ pi
−pi
Fφ dφ = 1. (3)
Applying this to (2) above we nd that [8℄
∞∑
n=0
cnn |n〉〈n| = 1. (4)
This means that the diagonal elements cnn must all be
equal to 1. The additional ondition of positive denite
probabilities, together with the above result means that
all of the cnm must have absolute values between 0 and
1. In general, real measurements will give smaller val-
ues of cnm, and the loser these are to 1 the better the
phase measurement is. In [9℄ it is shown that the addi-
tional ondition that a number shifter does not alter the
phase distribution gives cnm = 1, orresponding to the
anonial measure [9℄
Eφ =
1
2pi
∞∑
n,m=0
ei(n−m)φ |n〉〈m|. (5)
An alternative derivation of this result is by using the
maximum likelihood approah [6℄. Note that (5) may be
2expressed by dEφ = |φ〉〈φ| dφ, where
|φ〉 = 1√
2pi
∞∑
n=0
einφ|n〉 (6)
With referene to (5), we now dene the preision
∆α ∈ [0, 2pi) of a phase measurement orresponding
to the viinity Aα = [α − ∆α2 , α + ∆α2 ) of any value
α ∈ [−pi, pi). The probability of a phase measurement
with φ ∈ Aα, made on a state desribed by a density
operator ρˆ, is given by
Pα(∆α) = Tr[ρˆ Eφ(Aα)]. (7)
On the other hand, the probability to measure a pho-
ton number n ∈ Bk is given by
Pk(∆k) = Tr[ρˆ EN (Bk)] (8)
where
EN (Bk) =
∑
n∈Bk
|n〉〈n| (9)
is the value of the spetral measure EN on a set Bk of
positive integers. In order to introdue the preision
∆k ∈ N by whih the photon number is measured, we
note that the photon number is bounded from below.
Therefore, we dene the right-sided viinity Bk ⊂ N of
k by Bk = {k, k + 1, ..., k + ∆k}. In this denition, the
integer k is the smallest element of Bk. Alternative def-
initions are also possible but typially lead to neessary
readjustments in ertain ases for k < ∆k. However,
it will be seen later that our results are not dependent
on the partiular subsription. For tehnial purposes we
apply the denition of the minimum integer-subsription.
In the ase of pure states ρˆ = |ψ〉〈ψ|, we obtain the prob-
ability
Pk(∆k) =
k+∆k∑
n=k
|ψn|2 (10)
and ψn = 〈n|ψ〉 is the number-spae amplitude of ψ.
Now, we onsider the ase with an initial photon num-
ber preparation of a state ψ. A single mode is supposed
to emerge in a state aording to
ψ → ψ′ = EN (Bk)ψ||EN (Bk)ψ|| . (11)
Afterwards, the number of photons is given with preision
∆k. In this situation the unertainty priniple suggests
that the more aurately the number is measured the
greater is the perturbation of the phase of the outgoing
state. The onditional probability Pαk(∆α |∆k;ψ) to
measure phase φ ∈ Aα, on the state transformed by the
initial number measurement, is given by
Pαk(∆α |∆k;ψ) = ||Eφ(Aα)EN (Bk)ψ||
2
||EN (Bk)ψ||2 (12)
We now ask for the least upper bound λ0 of the mea-
surement probability (12) and we end up in a variation
problem in Hilbert spae with three degrees of freedom.
For xed preisions ∆k and ∆α we are searhing for the
supremum of (12) by variation of the parameters α, k and
the state vetor ψ of the photon. Atually this variation
problem is translation and rotation invariant in Hilbert
spae and we an simply hose k = 0 and α = 0 with-
out loss of generality. After all, we have to onsider the
following expression
λ0 = sup
ψ∈H\{0}
P00(∆α |∆k;ψ) (13)
and by using (5) and (9) we expliitly obtain to following
expression
P00(∆α |∆k;ψ) =
∆α/2∫
−∆α/2
∣∣∣∣ 1√2pi
∆k∑
n=0
ψn e
inφ
∣∣∣∣
2
dφ
∆k∑
n′=0
|ψn′ |2
. (14)
Applying the Cauhy-Bunyakovsky inequality we obtain
the following general upper bound
Pα,k(∆α |∆k;ψ) ≤ ∆α(∆k + 1)
2pi
(15)
for every ∆α ∈ [−pi, pi) and integer ∆k ≥ 0. In g. 1, the
set of impossible measurement proesses is expressed by
the grey shaded triangle. In order to reah even tighter
Figure 1: Maximum eigenvalue λ0 for ∆k = 0, 1, 2, 3,∞ (from
left to right). Phase measuring proesses with probabilities
larger than λ0 do not exist.
bounds we expliitly omputed the integral in (14) and
applied ertain trigonometri identities to obtain the fol-
lowing expression
P00(∆α |∆k;ψ) =
∞∑
n,m=0
Gnm ψn ψ
∗
m (16)
3with normalization ondition
∑∆k
n=0 |ψn|2 = 1 and kernel
[8℄
Gnm =
1
pi
sin ∆α2 (n−m)
n−m (17)
for 0 ≤ n,m ≤ ∆k, 0 otherwise. Obviously, G is self-
adjoint and positive denite. Aording to (13) and (16),
the least upper bound is given by the operator norm of
G, i.e.
λ0 = ||G||, (18)
and this norm is idential to the largest eigenvalue of G.
In order to obtain the eigenvalues of G we have to solve
the following linear equation for n = 0, 1, ...,∆k
∆k∑
m=0
Gnm ψ
(s)
m = λs ψ
(s)
n (19)
for s = 0, 1, ...,∆k. This type of eigenvalue problem
has been extensively disussed in [11℄ (see also referenes
therein). All eigenvalues are distint, positive and may
be ordered so that 1 > λ0 > λ1 > ... > λ∆k. In the
non-trivial ase of ∆k > 0 we omputed λ0 numerially.
For inreasing values of ∆k, the orresponding bounds
approah very fast to the asymptoti ase ∆k → ∞, see
g. 1 (right most ontinuous line). For the omputation
of the asymptoti ase we introdued the equidistant de-
omposition qm =
m
∆k+1 , m = 0, 1, ...,∆k with inrement
δqm = qm+1− qm. After substitution into (19) and a few
algebrai manipulations, the disrete eigenvalue problem
approahes to the following homogeneous Fredholm inte-
gral equation of the rst kind
1
pi
∫ 1
−1
sin(pi2 ξ(z − z′))
z − z′ ϕ
(ν)(z′) dz′ = λ˜ν(ξ)ϕ(ν)(z)
(20)
with |z| ≤ 1 and
ξ =
∆α(∆k + 1)
2pi
. (21)
From standard theory we know that there are solutions
in L2([−1, 1]) only for a disrete set of eigenvalues, say
λ˜0 ≥ λ˜1 ≥ ... and that as ν → ∞, λ˜ν → 0. It
should be noted that the eigenvalues expliitly depend
on the parameter ξ and orresponding to eah eigen-
value there is a unique (up to normalization) solution
ϕ(ν)(z) = S0ν(piξ/2, z) alled angular prolate spheroidal
wave funtion [10, 11℄. They are ontinuous funtions of
ξ for ξ ≥ 0, and are orthogonal in (−1, 1). Moreover, they
are omplete in L2([−1, 1]). The orresponding eigenval-
ues are related to a seond set of funtions alled radial
prolate spheroidal funtions, whih dier from the angu-
lar funtions only by a real sale fator [11℄. Applying
the notation of [10, 11℄, these eigenvalues are
λ˜ν(ξ) = ξ
[
R
(1)
0ν (piξ/2, 1)
] 2
(22)
with ν = 0, 1, 2, ... The properties of the disrete eigen-
value spetrum is disussed in [12℄. Here, we are mainly
interested in the properties of the largest eigenvalue
λ˜0(ξ). It is monotonially inreasing and approahes 1
exponentially in ξ. For small values of ξ there is the
asymptoti behavior λ˜0(ξ) ∼ ξ.
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